Abstract-This paper studies full-duplex (FD) cellular networks in which a base station (BS) operated in FD mode with multiple antennas supports multiple uplink and downlink users simultaneously in the same wireless channel. Two typical FD cellular scenarios are considered, one with half-duplex (HD) users and the other with FD users along with the FD BS. For both the cases, a novel constructive method is developed for finding a closed-form interference alignment (IA) solution, named cyclic IA. The core idea behind this approach is to construct a set of loop-equations enabling IA in a cyclic manner, so that beamforming vectors are sequentially determined by solving an eigenvalue problem. It is shown analytically that the proposed cyclic IA can achieve the optimal sum degreesof-freedom (DoF) when the number of user antennas is large enough to meet the derived conditions. In particular, it is shown that the proposed scheme achieves a twofold DoF gain compared with conventional HD cellular networks even in the presence of inter-link interference, provided the number of users becomes large enough compared with the ratio of the number of BSs and user antennas. Simulation results demonstrate that not only are the analytical DoF results valid, but under a practical multi-cell scenario, the proposed cyclic IA offers significant throughput gains depending on the cell radius.
its potential to double the capacity of existing wireless communication networks by enabling simultaneous transmission and reception on the same channel. The key challenge in achieving an FD wireless system is suppressing self-interference to a sufficiently low level, such as within a few dB of the noise floor. This unwanted self-interference generated from a device's own transmissions is billions of times (>100 dB) stronger than the signal of interest coming from a distance source. Such a large power differential between the self-interference and the signal of interest has been a fundamental bottleneck in the progress of FD radio technology. Fortunately, recent advances in active cancelation technologies using radio frequency (RF) and analog/digital baseband cancellation mechanisms are capable of canceling most of the self-interference [1] [2] [3] [4] [5] . This opens up a new possibility: applying FD radios to the base station (BS) in a cellular network [6] in order to allow the uplink (UL) and downlink (DL) users to communicate on the same channel. However, to fully capitalize on the benefits of FD radios in a typical cellular network in which multiple users are simultaneously supported by a single BS, a new challenge in managing interference, the so-called inter-link interference effect, must be further resolved. This inter-link interference arises from the fact that the uplink transmissions of UL users severely interfere with the downlink reception of DL users owing to the simultaneous operation of uplink and downlink in the same wireless channel.
To overcome this challenge, there have been several recent studies on efficiently managing inter-link interference in FD cellular networks. Most prior work has mainly focused on linear precoding techniques based on the concept of interference alignment (IA) [7] [8] [9] [10] [11] , and iterative precoder designs via rank-constrained optimization [12] , [13] . Under ergodic phase fading, reference [7] has provided a tight characterization of the degrees-of-freedom (DoF) through the concept of ergodic IA for the single-cell FD cellular network, in which a multiantenna FD BS serves a set of single-antenna FD users. Following up on the concept of IA, under generic time-varying channels, the DoF region [8] and the sum-DoF [9] of the single-cell FD cellular network have been fully characterized by developing a new asymptotic IA as well as obtaining matching outer bounds. In particular, it has been shown in [7] and [9] that the sum-DoF can approach a twofold gain over the half-duplex (HD) system, in which the uplink and downlink transmissions occur in separate channels, when the number of users is sufficiently large compared to the number of antennas at the BS. The main limitation of the aforementioned two IA methods is that these approaches commonly rely on the ideal assumption of an arbitrarily large number of symbol 0090-6778 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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extensions over rapidly time-varying channels, which is quite challenging in practice. 1 To resolve such practical restrictions, Kim et al. [11] have studied linear IA along spatial dimensions without symbol extension (i.e., one-shot linear IA), and also provided sufficient and necessary feasibility conditions of the linear IA from algebraic geometry for a single-cell FD multi-input multioutput (MIMO) cellular network. The limitation of the work in [11] is that although the feasibility condition of IA is satisfied for the existence of the solution, a nonlinear system of polynomial equations has to be solved to determine the solution because the transmit and receive beamforming vectors are coupled. A general closed-form solution therefore does not exist for all cases so that feasible IA solutions can be found numerically only in general cases, making it hard to implement in practice. Meanwhile, iterative algorithms [12] , [13] have been suggested to find numerically the joint beamforming that maximizes the spectral efficiency via a rank-constrained optimization for a class of FD MIMO cellular networks. However, their computational complexity can be prohibitively high if the number of antennas at the nodes is large, so that such iterative approaches are unsuitable for practical implementation.
Motivated by the prior work [11] [12] [13] from a practical perspective, in this paper, we propose a novel constructive method for finding a closed-form IA solution along the spatial dimension in multi-antenna FD cellular networks. The core idea behind our approach is to construct a set of loop-equations enabling IA in a cyclic manner, so that beamforming vectors are sequentially determined by solving an eigenvalue problem; this is referred to as cyclic IA. We show analytically that the proposed IA can achieve the optimal sum-DoF when the number of user antennas is large enough to meet the derived conditions. Through this analysis, we also identify feasibility conditions under which the proposed IA offers a twofold DoF gain compared to conventional HD cellular networks. Simulation results demonstrate that not only are the analytical DoF results valid, but the proposed cyclic IA offers significant throughput gains under a practical multi-cell scenario.
The rest of the paper is organized as follows. In Section II, we present the FD cellular system models and the sumDoF metrics considered in this paper. In Section III, we describe the proposed cyclic IA in the FD MIMO cellular network with a set of HD users for the single-beam case (i.e. each user sends or receives one data stream). Section IV further considers the multi-beam cases for the FD MIMO cellular network, and provides feasibility conditions for the proposed cyclic IA to achieve the optimal sum-DoF. In Section V, we turn our attention to another typical FD MIMO cellular network model with a set of FD users along with the FD BS, and establish a feasibility condition of cyclic IA for such a channel. In Section VI, we present our numerical results under different simulation settings in a multi-cell network environment. Finally, Section VII presents our conclusions. 1 In contrast, it has recently been shown in [10] that the sum-DoF of an FD cellular network with no or partial channel state information at the transmitter side is characterized under an ideal assumption in which the coherence time of the channel is assumed to be long enough to span the coding block, but that may also rarely occur in realistic wireless scenarios.
Notation: We use A T and A † to indicate the transpose and the conjugate transpose of a matrix A, respectively. In addition, span(A) and null(A) represent the subspace spanned by the column vectors and an orthonormal basis for the null space of the matrix A, respectively. 0 x is used for a zero vector of size x × 1. For two sets A and B, the cardinality of the set A is denoted by |A|, and B \ A represents the relative complement of A in B. In addition, C m×n and CN(0, σ 2 ) denote an m ×n matrix whose components are complex values and a complex Gaussian random variable with zero mean and variance σ 2 . Given two positive integers, n 1 and n 2 , n 1 |n 2 denotes the remainder of the division of n 1 by n 2 .
II. SYSTEM MODEL
In this section, we describe the system model of the considered FD MIMO cellular network with a single FD BS that communicates in the downlink and uplink simultaneously with a set of users. As for the user terminals, the capability of operating in FD mode depends on the cost or form factor of the devices. This motivates us to consider two types of network models: one consisting of a set of HD users, and the other consisting of a set of FD users along with an FD BS, as illustrated in Fig. 1 .
A. FD-BS-HD-User Cellular Networks
For the case of HD users, we consider an
) FD-BS-HD-user cellular network, in which the FD BS is equipped with M antennas to serve both uplink and downlink users in the same time slot and frequency band. To be specific, the FD BS serves K [d] DL users and K [u] UL users, each of which is limited to HD operation. It is assumed that M ≥ max{K [d] , K [u] } because the BS is not able to schedule more than M active users at the same time. We further assume that each user has N transmit/receive antennas. Suppose that the BS wants to send a set of independent messages
K [d] ) to the DL users. At the same time, the BS also wants to receive a set of independent messages
K [u] ) from the UL users.
In the (M, N, K [d] , K [u] ) FD-BS-HD-user model, the inputoutput relationship at the BS is given by
∈ C N×1 is the transmit signal vector of the i th UL user, H [u] i ∈ C M×N is the channel matrix from the i th UL user to the BS, and z [u] ∈ C M×1 is the additive noise vector at the BS. We assume that all entries of channel matrices are independent and identically distributed (i.i.d.) complex Gaussian random variables with zero means and unit variances, i.e., CN(0, 1). Furthermore, it is assumed that all entries of z [u] are i.i.d. CN(0, σ 2 ) where σ 2 represents the noise variance. The average power constraint of the signal transmitted by each UL user, x [u] i , is given by E x
We also assume for now that perfect self-interference suppression in the FD operation at the BS is achieved so that there is no self-interference term for the above input-output relationship as in [7] [8] [9] [10] [11] . 2 On the other hand, the received signal vector at the j th DL user is given by
where
is the transmit signal vector of the BS;
and G j,i are the channel matrix from the BS to the j th DL user and the channel matrix from the i th UL user to the j th DL user, respectively; and z [d] j is an additive noise vector at the j th DL user. Here, we assume that the instantaneous channel state information (CSI) of all the channels is available at all the nodes in the FD cellular network.
B. FD-BS-FD-User Cellular Networks
For the case of FD users, we consider that there are K FD users that intend to transmit uplink messages and receive downlink messages to/from the BS. That is, the FD BS wishes to send a set of independent messages
K ) to the users. At the same time, the BS also wants to receive a set of independent messages
K ) from the users. As before, we assume that the FD BS is equipped with M antennas while each FD user is equipped with N antennas. We refer to this network model as the (M, N, K ) FD-BS-FD-user cellular network.
For the (M, N, K ) FD-BS-FD-user cellular network, the received signal vectors at the BS and the j th FD user are, respectively, expressed as
Similarly, we assume that no self-interference remains for the FD users along with the FD BS. The rest of the assumptions regarding channel coefficients and noises are the same as that apply to FD-BS-HD-user cellular networks.
C. Degrees of Freedom
We define the sum-DoF of the uplink and downlink as
where R [u] i (SNR) and R [d] i (SNR) denote the achievable rate for the i th DL user and the i th UL user at the corresponding SNR, respectively, 3 SNR = P σ 2 , and d
log SNR . In particular, for codewords spanning n channel uses, a rate
, is achievable if the probability of error for the message W i=1 d [θ] for which the DoF tuple (d
) is achievable. As a fair and compact metric, we are interested in the symmetric sumDoF as well as the sum-DoF.
III. CYCLIC INTERFERENCE ALIGNMENT
In this section, we propose a cyclic IA in FD-BS-HD-user cellular networks. The key idea behind the proposed algorithm is to formulate a set of loop-equations for aligning interference signals in a cyclic manner, which results in finding the closedform IA solution. To facilitate a clear understanding of the proposed cyclic IA scheme, we first consider a symmetric network topology where
Thereafter, we will investigate an asymmetric network topology where M, N, K [d] , and K [u] are given arbitrarily.
A. Symmetric FD MIMO Cellular Networks
In this subsection, we will show that the symmetric DoF tuple of (d [d] 
e., symmetric topology). Let the information symbol of the i th UL user and the i th DL user be denoted by s [u] i and s [d] i , respectively. The i th UL user sends its information s [u] i to the BS using the transmit beamforming vector v [u] i ∈ C K ×1 . At the same time, the BS sends its data s
to the i th DL user using the transmit vector v
i . At each DL user, in addition to the one desired symbol, there are K − 1 DL users' interference symbols as well as K UL users' interference symbols (i.e., a total of 2K −1 interference symbols). Because the total number of dimensions is only K , K of all the 2K − 1 interfering symbols must be aligned within the vector space spanned by the remaining K − 1 interfering symbols, in order to leave one interference-free signal dimension. To accomplish this design goal in closed-form, two steps are required to construct the transmit beamforming vectors v for DL users where i ∈ {1, 2, . . . , K }. The set of transmit beamformers of UL users is first determined such that interference alignment is achieved among inter-link interference signals. Subsequently, interference alignment is further achieved between inter-link and DL interference signals by carefully designing the transmit-and-receive beamforming vector pairs.
1) Design of the Beamforming Vector for UL Users:
In the following, we will show how to make the UL user interference signals
j , ∀ j lie in the subspaces of at most K − 1 dimensions at each DL user. Toward this end, there has to exist a set of μ i, j 's where at least one of the μ i, j 's is nonzero, such that
If we directly solve (6), we have to handle an intricate nonlinear equation system because the variables μ i, j and v [u] j are coupled. To solve the equation in a closed-form, we introduce the loop-equation deduced from (6) as
where λ i denotes the coefficient of the linear combination by putting
. This loop-equation shows that each IA condition at the i th DL user associates with v
and v [u] i+1 until i < K , whereas the last IA condition involves the last UL user's beamforming vector v [u] K and the first UL user's beamforming vector v [u] 1 back again, which we call cyclic IA. By arranging the cyclic IA conditions in (7), we can formulate the standard eigenvalue problem,
Because all the channel matrices G i, j , ∀i, j are of full rank almost surely owing to the assumption that the channel elements are drawn as i.i.d. Gaussian, the IA beamforming vectors that satisfy (8) exist as follows:
where eig(·) denotes an eigenvector of a matrix with unit norm. Note that in the special case of M = N = K = 2, another closed-form expression of the transmit beamforming vector for UL users can be derived by using the quadratic formula as follows:
and
. We omit the detailed derivations here due to space limitations. When the IA solution derived in (9) is applied to the transmit beamforming of UL users, the interference signals occupy only a (K − 1)-dimensional subspace. Therefore, the dimension of the orthogonal subspace of this interference subspace becomes one almost surely due to the rank-nullity theorem. Thus, each DL user should select its received beamforming vector, w [d] k , orthogonal to the subspace spanned by the aligned interference signals as follows:
where (a) follows from the IA condition in (7), i.e.,
2) Design of the Beamforming Vector for DL Users:
Given the receive beamforming vector w [d] k for each DL user, we can also construct the transmit beamforming vector for each DL user in order to guarantee a one-dimensional interferencefree subspace at each DL user:
Without loss of generality, we can rewrite (13) as
Using the fact that the size of the matrix,
does not depend on the downlink channel matrices H [d] i , ∀i , we find the unique one-dimensional null space of the matrix almost surely by the rank-nullity theorem.
An important observation here is the following. We can see that the transmit beamforming vector for DL users from (14) achieves IA as illustrated in Fig. 2 (e.g., the operational example of cyclic IA when
To be more specific, it is seen that 2K − 1 interference signal vectors (i.e., K UL users' interferences and K − 1 DL users' interferences) are aligned into only a (K − 1)-dimensional linear subspace. In order to keep the interference contained in a (K − 1)-dimensional subspace at each DL user, all the K − 1 DL users' interfering symbols must be aligned within the vector space spanned by the interference symbols sent from UL users. From the set of conditions (11) and (14), our transmit beamforming design for DL users guarantees that the kth DL user's transmit signal H
k , k = j lies in the interference subspace spanned by the UL users' signals, which is expressed as
where v ⊥ span (V) denotes that the vector of v is perpendicular to all the vectors in span (V), and (a) follows from the fact that H
k is a column vector. Next, we consider decodability, which leads to achieving one-DoF for each DL user. We need to show that each DL user is able to decode its desired symbol sent by the BS. To prove this, it is sufficient to check whether the effective channel coefficient, w
k , carrying the desired symbol s [d] k , has at least non-zero values where k ∈ {1, 2, . . . , K }. Because w
is independently constructed with respect to H
k , ∀k is non-zero almost surely. Thus, each DL user can decode the desired symbol s
Without loss of generality, we focus on the decoding process at DL user 1. With the help of cyclic IA, i.e., (7) and (15), the rank of the effective interference channel matrix for DL user 1 is given as
With the receive beamforming vector w
1 computed in (11), DL user 1 can cancel the aligned interference signals, which enables DL user 1 to recover the desired symbol s On the other hand, in order to show the achievability of one-DoF for each UL user, we should check whether the BS is able to decode its K desired UL users' symbols. The received signal vector at the BS from UL users is given by
Since the transmit beamforming vectors of UL users, v [u] i , are designed independently of all the uplink channel matrices H [u] j , ∀ j , and all the channel coefficients are drawn from a continuous random distribution, the effective channel matrix
has the full rank of K almost surely. This implies that the BS can individually decode the K UL users' signals by applying the following zero-forcing decoder that eliminates the effect of UL user interference:
where γ k is a normalization factor introduced to satisfy the receive power constraint. 
In this way, the proposed cyclic IA enables each DL user to achieve one-DoF while the UL user also achieves one-DoF. This leads to achieving the optimal 2K sum-DoF by leveraging the following converse argument:
Note that the bound (a) follows from the DoF result of the MIMO two-way channel in [19] , which corresponds to the FD-BS-HD-user cellular network with full cooperation among the 2K DL/UL users, and (b) comes from the assumption that M = N = K and K ≥ 2 made in this subsection.
Remark 1 (On Feasibility Conditions of Cyclic IA):
The closed-form solution of cyclic IA achieves the DoF tuple
FD-BS-HD-user cellular network, which turns out to be optimal in a sumDoF sense. However, this does not necessarily imply that the cyclic IA method requires the minimum number of transmit/receive antenna configurations to achieve the optimal sum-DoF. Recently, the feasibility condition has been fully characterized for the symmetric case 
2N
K +2 ≥ 1 [11] . According to the feasibility condition, the DoF tuple
FD-BS-HD-user cellular network for any K . In addition to this, when K ≤ 3, the DoF tuple is not feasible in the (M, K −1, K , K ) FD-BS-HD-user cellular network regardless of the value of M. Consequently, we conclude that cylic IC can achieve the optimal sum-DoF with the minimum transmit/receive antenna configurations of M = N = K by simply solving a set of linear system equations as long as K ≤ 3. This assumption is favorable from the practical standpoint when considering a realistic situation in which natural attenuation effects cause loss of connectivity between certain receivers and the interfering transmitter as K increases. In particular, we summarize the feasibility from [11] and achievability by cyclic IA in Table I when M = K . Note that and represent the feasibility from [11] and achievability by cyclic IA, respectively, and denotes the achievability by a simple variant of cyclic IA, in which the N − K extra antennas at each user are not exploited in achieving the DoF tuple
Remark 2 (Feedback Mechanism):
We have assumed that instantaneous CSI of all the channels is available at all the nodes in the FD cellular network. As a matter of fact, under mild assumptions on CSI feedback, the proposed method can be implemented in practice such as 3GPP LTE-A [14] . Each DL user first feeds back its incoming channels associated with UL users and the serving BS, and then the BS forms the beamforming vectors of DL/UL users via the cyclic IA solution. The BS sends the transmit beamforming vectors as data to its corresponding UL user via the downlink feedforward channel. Note that, on the other hand, each DL user can determine its own receive beamforming vector by using of a demodulation reference signal without feed-forward processing. That is, the receive beamforming vectors for DL users are chosen as null space vectors of effective interference channels after applying transmit beamformings. Therefore, the cyclic IA can be implemented with little change to an existing cellular system supporting multi-user MIMO in 3GPP LTE-A.
B. Asymmetric FD MIMO Cellular Networks
In this subsection, we establish the minimum required antenna configuration to achieve the optimal DoF by exploiting
Theorem 1: To support K [u] UL users and K [d] DL users simultaneously via the FD BS with M transmit/receive antennas, the required minimum number of user antennas to achieve the symmetric DoF of (d [d] , d [u] ) = (1, 1) by using the cyclic IA is given by 5
That is, if this condition is satisfied, the cyclic IA achieves a symmetric sum-DoF of
Proof: The proof of this theorem is very similar to one presented in Section III-A. Hence, we only highlight the difference in this proof.
1) Achievability when K
− 1 DL users' interference symbols as well as K [u] UL users' interference symbols at each DL user. Similar to the case in Section III-A, the main goal for designing the transmit beamforming vectors of UL users is to align K [u] UL users' interfering symbols into the max
To accomplish this goal, we form the cyclic IA conditions with a set of loop-equations as follows: 4 As mentioned in Section II, it is assumed that the FD BS does not schedule more than M DL users and/or M UL users at the same time, i.e., M ≥ max{K [d] , K [u] }. 5 Note that the feasibility condition directly reduces to K as in Section III-A if the symmetric scenario is taken into account, i.e.,
Without loss of generality, we focus on the IA conditions associated with the j th DL user, which are given as follows.
• Case I-a:
Thus, the number of dimensions of the interference signals sent by UL users at the j th DL user becomes
• Case I-b:
where r =
. Note that the UL users' interference signals always occupy the K
at the j th DL user as illustrated in Fig. 3 
where the product of all the coefficients λ i becomes one, i.e.,
K [u] i=1 λ i = 1. As a special case, the cyclic IA conditions imply that all the interference symbols sent by UL users are aligned into a one dimensional linear subspace.
To sum up, the cyclic IA enables us to constrain the interference subspace of each DL user within at most max{K [u] − K [u] K [d] , 1}-dimensions by considering all the cases. Furthermore, similar to the symmetric topology case, the transmit beamforming vectors for each UL user are explicitly given by solving an eigenvalue problem, which is
To guarantee a one-dimensional interference-free space at each DL user, the number of transmit/receive antennas at UL/DL users for the design of the cyclic IA is given by
represents the antenna-reduction factor obtained by reducing the number of serving DL users K [d] compared to that of UL users K [u] . It is observed that the factor reduces to zero when Similar to (11) in the symmetric topology case, each DL user determines its received beamforming vector orthogonal to the subspace spanned by the aligned interference signals such that w
In addition, given the receive beamforming vectors of DL users, the BS can design transmit beamforming vectors of DL users such that they are aligned into at most max{K [u] 
, 1}-dimensions already occupied by UL users' interference at each undesired DL user as long as M ≥ K [d] . At the same time, similar to the symmetric topology case, the BS can also separately decode each UL user's symbol from the combined received signals by simple zero-forcing decoding when M ≥ K [u] .
2) Achievability when K
Recall that the total number of cyclic IA conditions is always K [u] for the singlebeam case regardless of how many DL users there are in the network (i.e., regardless of K [d] ). In other words, the symbols sent from any of K [u] UL users cannot be aligned with each other at any of the last K [d] − K [u] DL users while the aligned interference occupies only (
. As in the symmetric topology case, the BS then sends the message for the j th DL user in the direction that lies in the (aligned) UL users' interference subspace at all the other DL users, so that the received signal can be projected along the null space of the aligned interference signal subspace. To ensure a one-dimensional interference-free signal subspace at all the DL users, each DL/UL user has at least K [u] +1 antennas, thus making the null space of the aligned interference subspace available at each DL user. In addition, the BS makes use of zero-forcing receive beamforming vectors to recover all the K [u] messages with no interference. This completes the proof.
Remark 3 (Comparison to Other Feasibility Condition):
Note that the problem of characterizing the minimum number of user antenna configurations by developing a new tighter necessary condition is still open and this will be left as future work. On the other hand, we can provide a comparison to the existing best-known feasibility result in the literature [11] , which is given by
. Considering the underlying assumptions in Theorem 1, the two conditions in (30) always hold, and the condition in (31) is reduced to N ≥
To sum up, the best-known feasibility condition can be written as N ≥
T , which enables us to maximize f (x) at the largest possible values of x 1 and x 2 , respectively. The difference between the feasibility condition with integer constraints and the derived condition for cyclic IA (in Theorem 1) is given by
The gap can be interpreted as the cost of cyclic IA with much less computational complexity in designing the transmit-andreceive beamforming vector pairs. Note that the gap tends to approach 0 as K [d] decreases (e.g. = 0 when
IV. EXTENSION TO MULTI-BEAM CASES
So far, we have focussed our attention on the single beam case (i.e., each UL/DL user wishes to send/receive one data stream) for the (M, N, K [d] , K [u] ) FD-BS-HD-user cellular network. We now move on to another typical scenario in which the throughput required in the downlink is higher than that required in the uplink owing to the asymmetry of the uplink and downlink traffic. Accordingly, we focus on an asymmetric DoF tuple allowing different numbers of d [d] i (≥ 1) for the downlink, while maintaining the equality constraint on d [u] i (= 1) for the uplink. In this setup, we derive a feasibility condition for antenna configurations to achieve the optimal DoF for the (M, N, K [d] , K [u] ) FD-BS-HD-user cellular network in the following.
Theorem 2: To support K [u] UL users and K [d] DL users simultaneously via the FD BS with M transmit/receive antennas, the required minimum number of user antennas to achieve the optimal sum-DoF of 2M (i.e., DoF
for
The converse argument follows from the same line of reasoning applied to (19) . Recall that the DoF region of the two-user (M,
MIMO Z-channel with output feedback for encoding and message side information for decoding is not in general smaller than the DoF region of the (M, N, K [d] , K [u] ) FD-BS-HD-user cellular network [9] , [15] .
and DoF
i . From the cut-set bound of the MIMO Z-channel, the outer bounds on the sum-DoF of the (M, N, K [d] , K [u] ) FD-BS-HD-user cellular network can be derived as DoF [u] ≤ M and
which trivially yields
We now move on to the achievability part to prove this theorem. In particular, each UL user sends one symbol as above, so the FD BS can recover its desired M symbols using a zero-forcing method with M received antennas (i.e., DoF
. Hence, we need to focus on the achievability part for the DL users (DoF
= M) to prove this theorem. Similar to the proof of Theorem 1, we consider two cases:
When the cyclic IA condition is satisfied as formulated in (21), at DL user j ,
-dimensional subspace, yet at all the rest of the DL users (DL user j for j > K [u] |K [d] ) those interference signals are aligned into a
dimensional subspace. Here, if the FD BS can design the transmit beamforming vectors of DL users such that they are aligned into the vector subspace already occupied by UL users' interferences, it is possible for DL user j to resolve up to
independent messages otherwise by cancelling the corresponding aligned interference. To achieve the M sum-DoF of DL users through the IA, the feasibility condition on the number of antennas for the FD BS and DL/UL users should be satisfied as follows:
We note that
K [d] becomes 0 or 1 according to whether or not the value of
is an integer. Accordingly, it can be seen that the minimum requirement of N is simply reduced to K [u] , provided that K [u] is a multiple of K [d] (i.e., K [u] = αK [d] for any positive integer α).
• Case II:
The only difference between Case I and Case II is that in Case II the cyclic IA as formulated in (21) provides an opportunity for the first DL user (i.e., DL user 1) to align interference signals from UL users within an even smaller dimension than that in Case I due to the intrinsic nature of the cyclic IA method, leaving the extra dimensions available to the desired signals free of interference.
To be more specific, it can be seen that the number of dimensions of the interference signals sent by UL users at the DL user 1 becomes max
1 from the foregoing conditions (23) and (25). Thus, in this case, the feasibility condition to support the M sum-DoF of DL users can be slightly changed from (34) as follows:
As for the case K [d] = 1, the minimum required number of user antennas in Case II is further reduced by
e. a decrease of at most one antenna under the integer constraint) as compared to that in Case I. From the fact that
the feasibility conditions can be further simplified as (33). In conclusion, we have shown the feasibility conditions for achieving the optimal 2M sum-DoF (i.e., DoF
M) for all the cases we considered, which completes the proof.
Remark 4 (DoF Gain from FD BS):
To shed further light on the impact of the FD BS, it is instructive to compare the sum-DoF results compared to the conventional HD BS results. From the DoF results for the MIMO broadcast channel (BC) and multiple-access channel (MAC) in [18] , the sum-DoF of the HD BS cellular network is upper bounded as DoF HD ≤ max{DoF
are the sum-DoF of DL users and UL users for the HD BS, respectively, under the assumption used in Theorem 2. Moreover, for achievability, zero-forcing is sufficient to utilize the sum-DoF of the HD BS cellular network. Thus, we conclude that even when inter-link interference from UL users to DL users exists, the FD operation at the BS can double the sum-DoF over the conventional HD BS cellular networks, provided that the feasibility conditions of (33) are satisfied.
V. (M, N, K ) FD-BS-FD-USER CELLULAR NETWORKS
In this section, we consider (M, N, K ) FD-BS-FD-user cellular networks in which all users support FD operation along with the FD BS in the network. As before, we assume that the FD BS is equipped with M transmit/receive antennas, and wishes to send a set of independent messages to K FD users (M ≥ K ) each of which is equipped with N transmit/receive antennas. From the system model in Section II, it can be shown that the FD BS receives the same signal, regardless of the HD/FD operation at the user terminals. For the received signal at each (DL) user, unlike the (M, N, K , K ) FD-BS-HD-user cellular network, there are only K − 1 inter-link interference signals from (UL) users in that the self-interference has been completely removed for the FD user case. In the network, one interesting question would be how much gain the system can provide if the FD capability is further implemented at the user terminals in the FD BS case. An answer to the aforementioned question will be addressed in terms of the required number of antennas at each user to achieve the symmetric DoF tuple (d [d] , d [u] ) = (1, 1), i.e., 2K sum-DoF.
Recall that the original cyclic IA conditions in (7) involve the inter-link interference from the UL user j to the DL user j , which is not supposed to be used in the FD user case. Thus, we need to reformulate the cyclic IA condition to fit into the new interference links so that the interference data symbols sent by user i |K + 1 and user (i + 1)|K + 1 for the uplink are aligned at user i as follows:
By exploiting the special structure of the revised loopequations such as (8), we can identify transmit beamforming vectors for users by solving the eigenvalue problem as follows:
and v
This construction guarantees that inter-link interference from the UL signals at each user is restricted within max{K − 2, 1} dimensions, allowing each user to recover N − max{K − 2, 1} desired symbols, provided that the DL interference signals from the FD BS do not span more than max{K − 2, 1} dimensions. In order to achieve one DoF for the DL message of each user, the number of antennas at the user should be greater than or equal to max{K − 1, 2}, i.e., N ≥ max{K − 1, 2}. At the same time, the FD BS can recover all the K UL messages under the assumption M ≥ K , which leads to achieving K sum-DoF for UL messages. As a result, all symbols (for K DL messages and K UL messages) is resolved by cyclic IA, so that 2K sum-
To show the optimality of the proposed cyclic IA in the FD user case, we investigate a sum-DoF outer bound in (M, max{K − 1, 2}, K ) FD-BS-FD-user cellular networks. By allowing full cooperation among the K users in the (M, max{K − 1, 2}, K ) FD-BS-FD-user cellular network, we obtain a MIMO two-way network. Thus, from the result in [19] we have the following upper bound:
From this converse argument, the proposed cyclic IA achieves the optimal sum-DoF of 2K if the derived feasibility condition is satisfied, i.e., N ≥ max{K − 1, 2}. Remark 5 (Extension to the case of N > K − 1): If the number of antennas at FD users is assumed to be large enough to cancel all of the K − 1 inter-link interference without aligning interference, i.e., N > K − 1, the optimal DoF can be achieved by a rather simple method. That is, no specific transmit beamforming vectors for UL users are required, but other beamforming designs are exactly the same as those of cyclic IA. Specifically, transmit beamforming vectors for DL users can be designed such that all of the DL users' interference must be aligned within the vector space spanned by the interference symbols sent from UL users, regardless of the transmit beamforming vectors for UL users. As for the receive beamforming design for UL users, a zero-forcing decoder can be applied as in cyclic IA to achieve the optimal DoF.
VI. NUMERICAL RESULTS AND DISCUSSION
To evaluate the performance of the proposed cyclic IA scheme, we first present several numerical results in the single-cell FD cellular network obtained by means of MonteCarlo simulations. Thereafter, we assess its performance in outdoor picocell networks in order to identify the effectiveness of cyclic IA in a practical multi-cell environment. In this evaluation, we focus on the scenario of a symmetric topology with HD users, in order to facilitate an understanding of the performance of the proposed scheme. Fig. 4 shows the ergodic sum rate of the proposed cyclic IA versus SNR when K = 2, 4, and 8 in a symmetric (K , K , K , K ) FD-BS-HD-user cellular network. Here, the sum rate indicates the sum of the achievable rates of all downlink and uplink transmissions. It is observed that the sum rate of the proposed cyclic IA increases linearly with the slope of 4, 8, and 16 when K is 2, 4, and 8, respectively. This numerically verifies that the proposed cyclic IA achieves the optimal 2K sum-DoF as proven earlier in Theorem 2. Fig. 5 shows the ergodic sum rate of the cyclic IA and two conventional schemes as a function of the SNR when K is 2 and 4. For the conventional methods, each user is assumed to use the maximal ratio combining (MRC) for DL and the maximal ratio transmission (MRT) for UL to maximize the desired channel link. At the same time, the BS uses a zero-forcing precoder/combiner to nullify the inter-user interference in DL/UL, referred to as ZF-MRC for simplicity. This is a reasonable choice to maximize the achievable sum rate while guaranteeing zero inter-user interference, by assuming no inter-link interference. 7 We apply it to two different scenarios for performance comparison 7 The method does not take into account the inter-link interference even in the FD BS scenario. purposes. One is operated with the FD BS causing interlink interference, and the other is operated with the HD BS without causing inter-link interference. It is observed that the proposed cyclic IA exhibits double sum-DoF compared to the conventional schemes. Thus, the proposed scheme significantly outperforms the conventional schemes in a high SNR regime. However, in a low SNR regime, the proposed scheme even provides poor sum rate performance compared to ZF-MRC in FD mode according to the value of K . This is mainly because when the proposed scheme is applied, the transmitters essentially sacrifice the desired signal power in the low SNR regime owing to alignment of interference signals over the spatial dimension, whereas ZF-MRC aims to maximize it. From these numerical results, we realize that the proposed cyclic IA is much more effective in a higher SNR regime with a severe inter-link interference effect.
A. Achievable Ergodic Sum Rate Performance

B. Performance in Multi-Cell Networks
To evaluate the performance of the proposed cyclic IA in practical multi-cell networks, we consider an outdoor picocell network in which the FD function is embedded in the picocell BS. The picocell is one of the candidates suitable for the application of the FD system because i) the picocell has a small coverage, and so it can operate in a high SNR regime; ii) the inter-cell interference among picocells is not so dominant because they are usually deployed sparsely in hotspots; and iii) the transmission power in the pico BS is smaller than that in the macro BS so that the remaining self-interference power due to the imperfect self-interference cancellation (SIC) at the pico BS is weak [20] . Fig. 6 illustrates the considered outdoor picocell network. We consider ten picocells deployed randomly in a macrocell area and K DL/UL users dropped randomly in each picocell. Therefore, there is inter-link interference from UL users to DL users within each picocell and inter-cell interference from the BS and the UL users from other picocells, but there is no interference from the macrocell assuming that the picocells use a dedicated frequency band different from that of the macrocell. In addition, we do not consider any specific user scheduling considering these interference properties since this is beyond the scope of this paper. This scenario reflects a commercial picocell deployment, which covers local traffic hotspots with low cost and complexity. The related parameters are based on the 3GPP simulation methodology [14] and are described in Table II . For the pathloss model, we assume that all the links within the picocell (i.e., DL/UL signal and inter-link interference links) have the line-of-sight (LOS) condition, and all the links among picocells (i.e., inter-cell interference links) have the nonline-of-sight (NLOS) condition, considering that the number of obstacles increases as the physical distance increases in outdoor environments [14] . Further, we consider a realistic SIC capability of 85 and 75 dB as well as an ideal SIC capability in order to investigate the effect of imperfect SIC in the FD BS, based on the state-of-the-art of SIC that achieves a cancellation range from 70 to 100 [21] . Here, FD@x denotes the FD system with an SIC of x dB and FD@Inf denotes that there is no selfinterference. Fig. 7 shows the average sum rate versus the cell radius when K is 2 and 4. We examine the proposed cyclic IA scheme according to the variation of the cell radius. The size of the picocell is an important operational parameter because the system has a trade-off performance that depends on the cell size. For example, the off-loading effect increases but the inter-cell interference increases as the picocell size increases. Moreover, the received signal strength increases but the interlink interference increases in the FD system as the picocell size decreases. Therefore, it is meaningful to investigate over which range of cell radius the proposed IA scheme has a performance gain. As the cell radius increases, the sum rate decreases in all schemes because all the SNRs at the BS and users decrease. The performance difference between the proposed cyclic IA and the FD with ZF-MRC is reduced as the cell radius increases. When K = 4, the performance of the FD with ZF-MRC is better than that of the cyclic IA at a cell radius of 50 m. This is because the SNR decreases and the inter-link interference becomes less dominant as the cell radius increases. Moreover, as the SIC capability decreases, the sum rate decreases because the UL rate decreases due to the remaining self-interference. This imperfect SIC effect makes the performance of the FD with ZF-MRC worse than that of the HD with ZF-MRC. Overall, the proposed cyclic IA scheme outperforms the conventional FD and HD schemes in the common range of the picocell radius (which is less than 50 m) and the practical range of SIC capability. Fig. 8 shows the cumulative distribution functions (CDFs) of the uplink rate, downlink rate, and sum rate when the cell radius is 30 m with K = 2, 4. In the case of the uplink rate, the FD with ZF-MRC is slightly better than that with cyclic IA because ZF-MRC aims to maximize the sum rate performance assuming no inter-link interference, which naturally fits into such an FD uplink case. However, in the case of the downlink rate, the proposed cyclic IA significantly outperforms the FD with ZF-MRC because the proposed scheme cancels the interlink interference effectively but the FD with ZF-MRC suffers from the severe inter-link interference. In the downlink, the HD with ZF-MRC is better than the FD with ZF-MRC because it does not experience any inter-link interference, but it is worse than the proposed cyclic IA because it uses only half the bandwidth. Combining both the uplink and downlink rates, the proposed cyclic IA shows better sum-rate performance than the other conventional schemes according to the SIC capability because it uses the full resources for uplink and downlink transmissions simultaneously without the inter-link interference.
VII. CONCLUSION
In this paper, we have introduced a novel constructive method to find the closed-form IA solution for a class of FD multi-antenna cellular networks, in which the BS is capable of FD operation while users commonly support either FD or HD operation according to their hardware constraints. It has been shown that the proposed cyclic IA can achieve the optimal sum-DoF when the numbers of user antennas are sufficient to meet the derived feasibility condition. We have further demonstrated that the FD BS can double the sum-DoF even in the presence of inter-link interference compared to the conventional HD network, provided that the number of users is sufficiently large compared to the ratio of the number of BSs and user antennas. We have also confirmed through numerical results that the proposed cyclic IA significantly outperforms the existing algorithms for single-cell and multicell environments. In future work, we plan to consider the impact of local or incomplete CSI at the transmitters in FD multi-antenna cellular networks from a DoF perspective.
